ABSTRACT
not necessarily cause reproductive manipulations.
48
The Lepidoptera (Arthropoda: Insecta) are among the best studied animal orders, containing ∼ 160, 000 49 species in 124 families, representing approximately 13% of all described life (Regier et al., 2013; van 50 Nieukerken et al., 2011). Because of historic interest in their physical beauty and their contemporary 51 economic importance, the literature is replete with detailed information regarding their distribution and 52 life history. In addition to basic scientific research, the Lepidoptera are also well represented on lists of 53 endangered or threatened species (Hamm et al., 2014b ). Yet certain groups of Lepidoptera have garnered 54 the majority of attention, such as the butterflies (e.g. Nymphalidae, Lycaenidae and Pieridae) or groups of 55 economically important pest species such as the Crambidae (which contains the Asiatic rice borer Chilo 56 suppressalis) and Noctuidae (which contains the armyworms of the genus Spodoptera). This results in a 57 bias towards certain groups and leaves most of the remaining families understudied.
58
Six species of Lepidoptera have been tested for the existence of a naturally occurring manipulative 59 phenotype with evidence for cytoplasmic incompatibility, male killing, and feminization (Table 1) . We 60 note that the report of male killing in Ephestia kuhniella is a result of Wolbachia transfected from Ostrinia 61 scapulalis (Fujii et al., 2001) . Given the high level of interest in the Lepidoptera, understanding the role
62
Wolbachia plays in the evolution of lepidopterans has received considerable attention. A vital first step 63 towards this understanding is the estimation of Wolbachia infection rates across the order. Previous work on 64 the estimation of Wolbachia infection frequency have employed maximum likelihood estimation. Ahmed
Here, we develop a novel hierarchical Bayesian approach to estimate Wolbachia infection frequencies 70 across the Lepidoptera. Our model explicitly accounts for issues that arise with real world data such 71 as quantifying infection levels at different taxonomic levels. In a hierarchical Bayesian approach, a 72 compromise via partial pooling occurs because lower levels of the hierarchy inform higher levels of the 73 hierarchy, and vice versa. Therefore, When there is little information within a grouping (e.g., species with 74 few observations), those estimates are pulled strongly (shrunk) towards the among-group mean. Conversely,
75
parameter estimates for groups with high levels of information experience little shrinkage and instead 76 inform the estimates for groups with less information. For example, there may be multiple observations of 77 infection frequency collected from different populations within a species, often with disparate sample sizes.
78
We do not consider it appropriate for these samples to be completely pooled, as that ignores population 79 differences in infection frequency. Nor should observations within species be considered independent, 80 because of shared ancestry. Similarly, there may be single samples collected from many different species 81 within a family. In this case, individual sampling error should be accounted for when estimating family 82 level infection rates. Finally, we consider that there has been a bias towards studying only a few families of 83 the Lepidoptera. This uneven sampling can cause a few well-studied families to drive estimates of overall 84 infection frequency. Each of these concerns can be specifically addressed using a hierarchical Bayesian 85 model that incorporates phylogenetic relatedness among lepidopteran families.
86

MATERIALS & METHODS
Motivating data and previous analyses
87
Early studies on Wolbachia prevalence reported the frequency of infection for small groups of insects 88 or arthropods (Jiggins et al., 2001; Werren and Windsor, 2000) . More recent and sophisticated models of
89
Wolbachia infection in the Lepidoptera used a likelihood-based approach to describe the distribution of
90
Wolbachia infection across arthropods (Weinert et al., 2015) and the Lepidoptera specifically (Ahmed et al., proportion of individuals infected within a given species. Both used the same distribution to calculate the 93 incidence of infection as well, where incidence was the proportion of species infected above a threshold 94 frequency (i.e., one infection in 1000 individuals, or 0.001; Weinert et al., 2015) .
95
In the case of Wolbachia, tested insects may be either positive or not positive (a band of appropriate 96 length when an electrophoresis gel is run, or no band, respectively). It is important to note that "not positive" 97 is more appropriate than negative here because infections may have been missed for a number of reasons, 98 including low density infections (Schneider et al., 2014) . However, for the sake of simplicity, we will treat
Data
110
We used the data compiled by Weinert et al. (2015) closely related taxa share that trait due to common ancestry (Paradis, 2012) . We also constructed matrices 126 which assumed trait evolution followed an Ornstein-Uhlenbeck (OU) process, which places constraints 127 around which a character evolves (Paradis, 2012) . Relative to the BM, the OU model has two additional 128 parameters: θ (the "optimal" value for a character), and α (the rate at which θ moves towards α) (Paradis, 129 2012). The α value can range from 0 -1; when α is 0 the model is effectively pure BM and becomes less 130 so as α increases. We rescaled the phylogeny using three alpha values to examine their impact: α = 0.1 131 (similar to BM), α = 0.5, and α = 0.9 (very different than BM). Finally, we used an identity matrix (ones 132 on the diagonal and zeros for the off-diagonal correlations) that assumed no phylogenetic correlation at all.
133
We should note that all these correlation matrices (and the identity matrix) are accounting for relatedness at 134 the family level only because of taxonomic incompleteness at the generic or species level. Because of this 135 taxonomic incompleteness, we assume a star phylogeny for species within families. 
Bayesian hierarchical models
137
For our hierarchical Bayesian model to estimate the probability of infection prevalence within and 138 among members of Lepidoptera , each observation (N = 1037)-the number of Wolbachia-infected 139 individuals-was nested within species (S = 411) and modeled as:
( 1) where i = 1, 2, . . . , 1037 and j = 1, 2, . . . , 419. Here inf ected i,j indicates the number of infected 141 individuals from the ith observation of the jth species, n i is the total number of screened insects in 142 observation i, and θ j is the probability of infection for species j.
143
We then assumed the species-level probabilities of infection were normally-distributed with family-level 144 means (µ k ) and standard deviations (σ k ) where k = 1, 2, . . . , 28 families. For computational efficiency,
145
we used a non-centered parameterization of the normal (Papaspiliopoulos et al., 2007) . The normal 146 distribution is unconstrained, but θ is bounded between zero and one. Therefore the species-level θs were
The mean (µ k ) describes the average probability of infection within a family on the log-odds scale and can 149 be back-transformed using the inverse-logit function.
150
The standard deviation (σ) measures how much variation in the probability of infection there is across 151 species. If σ is small, then infection probabilities will be similar among species. Conversely, if σ is large,
152
species-specific probabilities of infection will be more idiosyncratic. Data sparsity can be a problem in 153 hierarchical models, especially for the estimation of scale parameters like variances. Because there were 154 several species with few observations, we used shrinkage priors (Carvalho et al., 2009 (Carvalho et al., , 2010 for the 155 species-specific σs:
where t + 3 is half-Student-t distribution with ν = 3 degrees of freedom.
157
We modeled µ, the vector of log-odds infection probabilities for families using a multivariate normal
with the mean log-odds probability of infection across Lepidoptera (γ) and covariance matrix Σ. To account 160 for phylogenetic non-independence among families, we constructed sigma as:
where η is a k × k diagonal matrix with the overall standard deviation on the diagonals and Ω is a k × k 162 phylogenetic correlation matrix. We then put regularizing priors (to prevent overfitting) on both γ and η:
where, again, t + 3 is half-Student-t distribution with ν = 3 degrees of freedom. individual assays (Figure 1a ). Of these, 3607 samples from 163 species in 19 families were scored PCR 180 positive for Wolbachia.
181
TheR diagnostic for all parameters (including the log-posterior density) was 1.0, indicating that each (Table 2) to describe Wolbachia infection frequency in the Lepidoptera.
197
Our estimate for the median Wolbachia infection frequency in the Lepidoptera was 12.1% (95% Highest 
DISCUSSION
Our model predicts an average Wolbachia infection rate across lepidoptera of approximately 12%. As species are represented by a single sample (Figure 1b) , 2) there is a taxonomic bias in the data (Figure 1c) 
214
We find it interesting that our median infection frequency estimates for the Lepidoptera do not significantly 215 change when the model considers relatedness by incorporating phylogenetic information (Figure 3 ).
216
Additionally, the model WAIC scores were within 8 units of one another and their standard errors completely 217 overlapped. This implies that the models were all well within the same "family of best models" ( Table 2 ).
218
We interpret these results to indicate that our model is robust to the differential sampling present in the 219 current data set. We consider our estimate for median Wolbachia infection rate for the Lepidoptera, and Pterophoridae, Uraniidae), the estimates presented in Figure 4 are strongly influenced by families with 225 more complete sampling, and are shrunk towards the hyperprior-i.e., the overall probability of infection 226 across Lepidoptera. Therefore, we have little faith in point estimates (i.e., mean, median) for these families 227 and this is reflected in the large HDIs.
228
In addition to the lower estimate of Wolbachia infection for the Lepidoptera, our family level estimates
229
were also lower than those reported by Ahmed et al. (2015) (we restrict our comparison here to those 230 families with larger sample sizes). In these cases, as with our estimates of order level infection, the highest 231 density intervals for our estimates were also much larger and we attribute this to the hierarchical manner 232 in which error is handled. Using linear regression, we observed a strong association between the number 233 of samples assayed per family and the range of the 95% HPD, where small sample sizes generated larger 234 HPD ranges (F 1,26 = 12.56, P = 0.0015).
235
Our model-essentially a hierarchical Bayesian extension of phylogenetic generalized linear models
236
(Paradis, 2012)-does make a few assumptions with respect to the phylogenetic information used. First, we 237 incorporate the phylogeny at the family level for Lepidoptera. This implicitly assumes equal branch lengths 238 for species within families, which is clearly not the case. However, we were unable to find a fully resolved 239 species-level phylogeny for the Lepidoptera with adequate coverage for many of the families in our dataset,
240
and we did not want to exclude species that were not represented in the phylogeny. Second, by treating the 241 phylogenetic correlation matrix as a fixed covariate, we are unable to fully account for uncertainty in the 242 phylogenetic relationships among taxa. This is an important assumption that could affect our estimates and 243 conclusions, but one that is often made in these kinds of studies (O'Meara, 2012; Paradis, 2012) .
244
Despite these assumptions and limitations, we are confident in our results for two reasons. First, we 245 used correlation matrices from phylogenies assuming both Brownian motion and OU processes, as well 246 as a matrix assuming no phylogenetic correlation at all. Model selection via WAIC indicated that all of 247 these models were in the same family of "best models" (Table 2) 
261
The assumption that Wolbachia always acts as a reproductive manipulator is clearly incorrect (Nice et al., 
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SUPPLEMENTAL DATA
BM
Observed data (y obs ) Posterior predictive simulations (ỹ) Figure 2 . Plots of posterior predictive simulations (ỹ) regressed against the observed data (y obs ). Points are means of the posterior predictive simulations for each data point, while error bars around each point are the 95% Highest Density Intervals (HDI). Points are partially transparent to show where the majority of the data lie. Ideally, the observed data and the simulated data should have one-to-one correspondence and fall perfectly along a regression line with intercept of zero and slope of one (shown). Different panels represent models with different phylogenetic correlation matrices. NP = No Phylogenetic correction; BM = Brownian Motion; OU = Ornstein-Uhlenbeck with varying levels of α (0.1, 0.5, 0.9); MA = WAIC model weighted average. 
